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LOCAL GRAVITY FIELD MODELING

INTRODUCTION

Regicnal or locB! grivity ficlt models ar; importznt

for many aplicpa4 13. Caflacticns of ttle var"tr.c~l andI

gravity anomalies -ire reiuirad for Eli-,mmont and carraction

o f Mi gh accur3CY inertz,31 navic'-tiom systams. Caflect.ons

ara rejuirad to redica obsirvel horizontal and vertical

angles to the ellirsoici, f 3r instance in 3polying thle

Lalace correction to azimuths. They can 13 usad tc Convert

)3etw**fl astronomiic 3190 j-odetic coorcinatas. G.,oid unciul-

tionS are ro.juirscl to convert between elevations carivac

from satel~ita ouservztionst for axaino14 ;FS9 anc ~~~

aoov-) sea levea.. ineult.ons :r-)vic a direct itocf the

geoid1 in the region. !'iUS t!, im.-crtart :itantiti~es to H)e

derived from a mocal ere ;ravzity e-no11eiy, cielf.?cti. rs of tne

vertical and g;cia uwailatxons. :n aclditlan, -3na -ac-il lik<e

to to able to usip, as atbsirvitions in zorcitin; t !,q cdel,

all availa'3.l -7 3 ~eat c d at a inclicin:l; 3s-r c- ie oca tic

dqtlqctions of the vvrtizal, satellite osrtv--d -ioic 6-1m'jl-i-

tions, observed gravity values anrd zo'puted smoima.isq ;ao-

detic and astronomic co~rdimatas, -'nd s-ih'arical Srmonic

;eopot en tial coefficients.

0 f all av ai lao! a ta:IMni 4u 3s only 1 4ast s 4%.ar -;s :0o11 -

cation alloiss one to i.s) any covbina*jon 3f ran-hom~can~ous

geodeotic data and to ccmr ut~e any ef thae re ju;radl cuantitie 5.

In addition, least scu~res calllccetion lives apn oztimv-l

(minimum varianct) -rtlic- of intarpolating aio;2~esro

amn hasre



data. As with any crodicticn method, thi results if least

squares collocation depenc on th4 variation of th 3 gravity

tiald in the Ere.A of cridicticn and on the density and accu-

racy of the availabla observaticns. in regions of sharrly

varying topographyt a majar por~ion of the vari.3tion~ of the

gravity field is due to tt'is topography. Since praoicti'on

results zre nearly linierly related to th* "smoothness" of

the field, significant iurtcvients can be obtainad from

least souares coll-3c:ticn in tnese cases by first removing a

3ortion of trnis affect. in th3 nast, this has 0* -3n acceii-

-31ished using rath3r zoarse alevation liodels conensed of

,iean elevations or alavations ;calec, from topograoI'ic it .3s

(9Corsbor; Panc Tscharmingg 13?la)t Cc-)r~er; anci madseng

1930), C3unkal, 19 2) . T t ' ~ta s z.: in c c f t h 2s -no eal1s 1, zs

)9an on tt'eor at 2)j 3~ 'N 3r: soccncis.

This reocrt das:r~bas Pn axneriient c ~nductad to ccni-

out# a Iccal ;ravit'v fi-Id rod.-l usi.n; la.:st sc-jaros ccljo-

cation in conjnctio-, wit sivar-3 digital t-4rr.-in Todils of

varying rasolution andi extent. The Most 3ccurpte elevation

data was cbtained Phtogra-im4trically. :n adoition, a 11o-

3a1 trena is first ramovao ;) computing th2a sp'ericel har-

itonic 3xoansten of tne aiytilows potantial frov a3 180~ degree

and arder cooffici~r't sat, mgodified y the WjS72 ellipsojeal

ootential.



BACKGROUND

The, U.Sa. Army Enin.aer Topoirachic La~ov-atorias

CUSAETL) has boom involved aLth devalocin; 'nardware eno

softiare to supoort the Defensa umoinS ~Aircy (C4A) ?no

othe.r agencies in donsifying Pno ext~njim; local gravity

networks for many years. Zecentlyq this worl< 1*%3S 13ee

directed grimruaily to cevelooing inertial surveying technol-

ogy for determ~ining ;ravityr aromali.es and cie'lections of tne

vertical as WO-1l as positionfs CT:dd, 1?82).

This work unit ies imItiztei uit thq oo.)-,ctivq of ?x-

nining othor 'techno!3SIes and comiputatione! lethods fcr co-i-

outing magnitude and direction of th% 7r:~vity v.:cter Enc,

;Goild unculctions -It 3 lzr;a nr.8~r a* rOintS Ln Z local

region in an efficient v.axy PMC &IT Suffici.t accr3cy f or

3o'no or any of the Poclizztions :tiscussad Flva. :n cartic-

~iar, computational tvzhnjiues for cominilng lar94 Zffourts

)f hat eros enoojs dat-a zero reviaied.

The intaroolation cf goodat:.c cuentites is not sc iiuch

a prob~lem in flat areas. Tne ;nasvity fielas Ir t~ase are-s

are smooth enough to be intiir~olzted ade~u-Atolv for 'lost

ourposes by standard 1iest-sluar~s methods (Aels'anen . Mcr-

itzq 1907). The dotertinati%)n of local Iravi~y field

itocls, or Via Jetorrvinatiom Of the9 )0o1,1 in MIunt ainous

qrvas is still vary 'tu:t, e cr.,)law Powavar. T'~e s:8rcity of

gravity data anc t1,0 reat ir'-ezulerity of thi fiel1d in

3



thasq areas iak* tradition~l meathods inefective. ror these

regionst least SqUres colloc-ation folloiin- tVrQnci r.)movsAi

o-y spharical harmonic 4xansions ?tn /o3r di ;_4a I t arr. in

iodels is a powarful. tool u."Lch has been ax~olited in the

Nordic nations ( crs;,er; 14asdemg l5iC), CForsber,, E

Tschvrning, 8 1 a ) 9 C'-o r;e, sc h rn in 913 ~b ) , a. s ,us1

a s in Europs C ;irtn er & . m ~l~;a r 1 95)3 p ( 5 nks p1 l3) V and

Lfn Canada (Lachaolle, 1975). in addition, )MA has ccn-

ductei in-house af~or*s. A rerort on these efforts (Carl-

so-i, 1383) was c!)tained. This rer,3rt served as tha starting

doint for tna present researc..

Ai review of these eTforts incic, teci several areas in

ahic'i further resenrch cauicd )-3 fccu_-?c. The-se include;

1 . E1ffect af r~solitian and e4xtent ef 11*:ital t -rr ein

dat-i on Vie zcciracy o)f tne soljtio',.

2. Z1crover~n's to be aimic by' 4sin-j a very d~mse CTM'

i n tre im. 1d i -rt3 vi cin ity o f tth@ computation point.

3. .;ffect of using onl.y the t-lraim a)nd isostatic dete

for trino r- rovalt nre~ectin7 the spmarizell larmor'ic

c omponent.

4. E,'fficien* *,ntmods for croe:ssimq the tarrair daeta

incl~ucing Fast -:ourier Transfarns ("T).

4



P. athods for the inchljsion of .4achvsical inforlr7-

ticfl into the process.

This reoort adcoressas parti.ally items (1) throCug. (3)

absve. Fur th~tr r* o.rcm ui I I e re j~ro ta nore fully

4nswar these iSSjiOS 3flU *o rdcress iers 4)cd()and

others.

The nedxt section briefl.y cescrV3es thea -iithact and ttne

principles o.hina it. Tr2is -i foll~.ed by 3 descriotion of

the test area and data used ann ")y an inilysis of each stsp

of the prccass. The resul;.ts zro tni, ;resantedj folcied ')y

some conclussians and recc-nmendetions.



DESCRIPTION OF THE TECHNIQUES

A bocy at rast on the aarth's surface is acted upon by

the gravitational attraction of the earth znd the centrifu-

gal force caused by the ?arth's rotatian. The effect of the

combination of these two forces is czllec gravity. The

ootential of gravity W is thar the sum of tho gravitational

ootential V and the centrxfugal ;otential (D

Thus:

+1

ana;

W . (x 3

where:

k = 'the gravitational caPrantt
v z the volume of +.he 03rthp
P = the dansity of th~e vartmo

S= the dist.ance 3etw-po tt, attr.acting mass
ena th~e attrp=ct d MS39

a the eartt,'s rotational veloccty,
x y = the Cartesian €oorctn.t.s of the point

6



under consideration, in an aartm-centared
coordinate frame.

The gravity potertial can also 'e ex;ressed as the sum

3f a "normal" component j smnich is due to a homogeneous

elioSoid of ravolution vhich is an touizotential. surfac* -of

a "normal" gravity field ano P "disturhing" ,otential T9

ohich is duo to mass anomalies wLtnin the actual eartti.

Thus:

4

Wcxyz) x rcxy,z) + ucxqy*z)

in U is also includea the c rtrifgal pattntial and the

!ffects of all masses ext~rnel to the elrth. exterior to

th4 4arth, V satzsfieas Lar.!act's 6exuatlcn:

AV = 3

wiIe A £ inccates the L-aplacian ooerat.or:

2 2 2

2

Tnus it is 3 harmonic function a4*erngl to tn earth.

.nsi'e the earth, it is not harmonic 6,Scau3e there V

satisfies Doisson's ecuation:

6
V kp

7



The normal potential U Can 0e computed directly for a

given reference elltsoid. All that is rqquired is the

specification of the four quantities:

at semiajor 3xiS; f, flattaning

-A, equatorial ;r~vity; .nd 'as angular valocity.

For this study, the WG$72 reference ellipsoid was used,

the parameters taken from (CA, 1974).

There remains then the coiutation of Tv the "disturb-

ing" or manomalous" pot)rtial. From T me can darive all of

the important Iuantitias fro, the e:uatons; (-eiskanen E

4oritzo 1967)

T 2

grzvity ano'n;ly; -- T 7
3r r

east-West 1T
deflection compon.nt; n -- 8

r I :os j x

north-south L aT
ceflection comcorant; = .

r'V

T

p
geoid undulation; N 10---

8



The techniaue under investi;ation is to Oreak T into

three parts. The first is a dglobal earth model" comoonent

due to an exornsion of the anomelous potential into .i shoer-

ical harmonic series. The se:ona component is the

tooo;rapnic-isostztic com onent, computed from a ri9Lcnl or

lccal model of the most sell known mass anomalies, the topo-

graphic masses and tneir isostatic compensation. A third

:omponent is comouted from a set of observed gravity

3nomalies, oafiections of the vertical and geooid unaulations

in the local area of interest. This final component is the

one actually comouted ny least sQuares collocation. Thus

the model for. the anomalous potential -1s:

T x T + T * T i1
_4 T; C

wmere

TcA: t ,s oirth Toted component,
T-m the to;ographic-isostatic commonent, and
Tc a the residual ccmporant, or deviation from

the modvl.

in frequency cmain terms, a. mmy consider the "signal"

T to be 3rokon cawn into te Ion; mvelength co'mconent eue

to the spherical harmnonicso a medium and shcrt atvelen;th

:omVonent C.e to the tczograpy and its compensatlo" and a

residual comconent Cie to th .j*viptio of the actual grav-

Lty field from the moael.

9



Thor* is however a problei with this concept in that

the spherical marmonic coeffician$ts contain s3ame short

wavelength inforwation as jell. W4 should therefore remove

the topo;raphic-.-sost3tic affect on thst cooffici.nts

lefore combining them with the other components. CFors'erg

- Tscherning ,19l1a) however have shown this Offect to he

ne4lzgible for fixeO area comcutations for coefficients up

to de2ree and order 36. Morovere the effect of the hi;her

degree and order coef vLcients Jii be nearly constant

throughout a local aria ano thus this effoct should be com-

Pensated by collocation.

The rext section ti-cusses tha ares studied 3rd the

data employed. The cc-,rutation of e3c' suwcompcnent of T is

then explained in detail znd tne results are Iresent-a.

10



TEST AREA AND DATA

The rrincival test 3rve lies in the eastern oart of

'Yevada and is located betae-in iocroxivate north latitucigs

37.5 and 38.5 degrees and w*st lriitudes 114.5 and 115

dere3. The area is uncian in figure 1. As can 1e saen in

this figure, the area is n.-arly bisected 3y the :ry Lake

Valley and is fairly mountainous outside of thLs valley.

lavations range from about 1400 meters in the valley to

2000 meters in the mountains.

From within this aroa, 3 3et of 1344 ;ravity observa-

tions, 23 observed astro-;oooetLc ,afllect.ions cf the verti-

cal and 6 reoid undulztians 3btainqd at doopler ooservation

sites were obtained frc, :'A. -ll of t.e data #a3 refer-

encod to h&S72. ro to :r.- vIty oas4rvztion s frae-ai r

;ravity anomalies sera catained from the for-ula:

12

Ag + * 30 364 a- B

where:

9 aobservea gravity at th? .arth"s srf4c%
.3086 a free-aLr normal gravity Iradient in v;al/meter

= hsint of thi station above the 13id
gamma = norm.al ;rzvity et the corra3soondjn3 'ont

in tne ellipioid.

A suoset of 1.3 6 2 of the ,ravity .ino.ilis Itich lie

jthtn the princi-al :it -r-a w.ra selecteo for initi3l

11



JLAt

Figure 1. Test area.
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analysis. The statistics of this data qre given in tabl 1.

valJe hi;h lw an S

A2 63.o -52.1 -13.5 22.?3 IC82

ksi -1.44 -i.3 -4.3 1.8,3 23
eta 4.54 -1Z.4 -4.7 5.20 Z3
I -24.69 -27.05 -25.50 1.C5 6

Table 1. Statistics of observation data.

Cigital elevation matrices covering the test area ano

surrounding areas zere also obtairgd. The coarsest matrix

has a spacing of 1 ovgre3 and dxsensions of 10 degrees by 11

dereesq approximattly cent.er-v an the principal test area.

Tha next finer grid has 3cacin; 5 "inutes ?nd has dimenslons

j by 6 ds;rye*s a;ain ap,.roximat ly centerac on the test

iroa. The final data set ccnsis ed of elevation values for

the princioal test area only. These elevations zero derived

frsm arial ohoto-;rroty 3# ti test area. This date was rot

iiven on a Iric 13ut with irre;ulsr spacir. all of the

elevation values are raferen:ed to Pian Se- Level. The 1-

der e and 5-iznute data sets ware derived from topographic

naps and have an estinmateo horizontal iccuracy of 100 to 390

leters and vertical accuracy of 20 to3 150 ,ators. The vert-

ical accuracy of the Fhotc;ram.1etric 0:t3 is estimated to 'o

under 10 faet. ,)ased on the flying haight, camerat and

stereoplotter used.

The photogrammetric oata mes supoied in aocrcximaet

east-mest profiles wit" a spacing between profiles of 530

13



f..t. The spacing between points on the profiles is not

constant but is less or eaual tc 5 0 feet. To comoets the

tooolraphic and isostatiz components of the gr3vity field, a

orogramg described latert was us.?d enict' requires the aldva-

tion values to be ;ivon on a squire ;rid of lqtitude end

longitude values. To obtain such a grid from tha ohot~gram-

lnetric catat software was developel to interpoclate elevation

values at the nodes of the grid from sw.rrounding values. If

a data point mas locatso mithin 50 foet of a nodet the

elevation of the node was taken to be that of the data

ooint. Otherises a least s:;uarts fit of the surrounding

2lvations to the equation of a ilineer Polynomial in x and

y uas Performed.

To estimate the accurecy 3f this interpolatid oat3 set,

th? elevations surpleis jith the 1082 ;ravity observations

us used. Tress aero compared with w2eihtei ,Rans of ;rid

values from oxthin a certain radijs of t113 lata c ints.

•ased on a comparison of 1066 ell-siacad values, t1e 9S

difference was plus-iinus 4? faet.

The final data set useo consisted of a 18) by 130

degre and o rder set of fully normalized sonerical Piamonic

coefficients of the geopotgntial devalooeo by (Rapo, 1981).

14



COMPUTATION OF THE MODEL

COMPUTATION OF THE GLOBAL EARTH MODEL COMPONENT

The equation for representin7 the 3artn's gravity

Potential W external to Via attracting vasses in terms of

spherical harmonics is: (-aLskanen - %oritz, 1957)

kMl 0 a I n-
-- [1 . E(-) E J cos(iu)X) + S sin~m).) sin(4'2 + it (13)

6here;

(b = rctational pa+antial,
r = ;eocartric distancat

= geocertric l3titudg,
X longtjea,

k= the ;ravxtaticnal constant times the mass
if t i o rthq

c , s = the fully normalized soherlcal harmonic coefficiants,
nm n

S= th, fully normali.ad associzted Legencre polynomials,

a= the ecuatorial radius of the earth and,
nom = tho degraq. znd ordar rasoectivily.

:n oractice, of coursa, -3uation (13) canrot include an

infinite number of terms. At the present tfine, the iest

solutions incluce terms jr. t3 ie;ree %nd order 18). Exam-

ples are the ;odoard Eart', moael, G:I1OC, and tne solutions

if Rapo (1978) ant Rago (li1). This last model was used in

this stuay. To obtain T, tho anom31,us potentials we 1nust

subtract the potential if the raferance allipsoid. The

15



potential of the referince e.llisoiOp U. may be written by

setting all C and S in e4uation 13 elu31 to zero oxcoct the

C -nd C4, 0 terms.
2.0 40

Thus:

k M 3 4
U~rk#,X) = -- 1 C--) " + (--)Cg P 3 (14)

r r I1O 0,3 r 4,fl ,0

where;

CO ro potential coe*ff.cients computed2,0 4,0 on ttha basis of the roferqr.e

a 11 ipse id.

Subtracting equation (1-) from 'cutton (14) ,ivts the

.esired T7. ' This c.l¢cjlat on 'as c.rried out fcr all of

th* ooservation points usir; tie sohartcal harmonic c~eff±-

ciants .odified by ssotra .ing ta PiGS7Z villiso ail poten-

tial. The i3titucl- of Voe points vzs first converted from

ieodatic to gaocentric to conform to iquations (13) ano

(14). The values of a, to k, C 2 0  ,and 4 3 fr thIe S

llipsoid were obtained fro, (01A, 1974) Tnm ojantiti.e of

nterest , Ak g, ( '1 and M 9 are obtained from i u-eticms 7

through 10.

For the rurposes of tnis studys w. ar* orevicting

gravimetric quantities ZT oInts Where the v31,403 .?re known.

Thus a direct measure 3f the accuracy if tha cemout tions is

avallable. For tha case of TrEA comeuted from spherical

16



harmonicst the results are summarized in table 2.

std. CeV.

valiu RS irror mein error of error n
Ag (Mgal) 24.G3 -6.40 23.16 1C32
ksi (sac) 1.6% -0.26 1.62 Z3
eta (sec) 7.53 -3.Z4 6.76 23

N (m) 1.27 0.90 0.31 6

Table 2. Results of sperical harmonic computation.

Given the small number of undulations, conclusions Pre

nearly imaossible for tese, foavy ar the solution does

:losely model th. values available . The gravity anomaly vec-

tor is not well vodeled 'y the solution hojever. One 0ossi-

ole explanation is tmet th, uncul-tions ar, relatively unaf-

fectso ay the short javelength tocorurhy, jh,.ch is not

odeled by the solution l i a th3 gravity vector is hig hly

deoendont on the local topo;r-phy -nd it's isostatic compen-

sation.

COMPUTATION OF THE TOPOGRAPMIC/ISOSTATIC COMPONENT OF T

The best known anc lost EsIly oliserva-lq moss

3nomalies are those assoc,-Itc inilh th* visiil) toncirarhy

of the earth. Associated mith t'e tooograony is the "isos-

tatic compensation", or tencency of the tooograahic masses

to be com;ensatod 1y mass deficionci.s til'a.n th3 #arth's

:rust. The avidaece 3f suci cc-ipa.siticn is given ?y the

)s*navor of deflqctions ?nc -?nm4ljes, .soocially 3oucar

17



anomalies in mountainous areas. The Bou;er reduction

removes the main irregularitias in the gravity field associ-

ated with the visibla tozo;raphy. Thus the VCIU&S of 3ou;er

anomalies should be very small. 'n noqntainous areas how-

evert they can attain values of several hundred milligals.

A similar effect can be observed sith deflsctlns of the

vertical calculated solely from topographic masses in moun-

tainous areas. These values will be mich larser than their

true values, again su;gasting a comcinsation beneath the

Rountains.

Thus, not only the visib)la topography but tme ;ravita-

tional effect of its isostatic compensation ,ust bq computed

Rccording to some th~ary of isclsacy. Traditijnallyt the

theory of Airy-Haiskan. r, has be us )d and trtis thory was

ilso used in this st-.Jry.

According to this tmeory, the mountains, with constant

densityp are theorized to rfloat" on a denser l3yar of den-

soty P . As th4 -nartains ar. in floaterg e3uillriuq

the higher the mountains, the da+eer zre the *roots".

Analogously, there are "anti-roots" under thi ocean;. The

thickness of the r3ot, to is ;Ivnn by;

tAP =P (15)

where H is the neignt of tho tooography above se-level

and

18



AP is the density contrast b9tiean tne crust and

ths mantle.

3

Using accepted mean continantal values of p 2.67 g/cm

and

AP = -0.4 q/Cm, this ',ecomes;

t=/& xH *-5 x h (16)

In ttis stuay, xe assimr3 a crustal thicknivss of 32 km

for the area, which ii azain consist-nt with the iest known

:ontinental values.

Tne lr-ain hei;hts usei re Iccated at th3 nodes of

regular squara ;riast as explained earliqr. It is natural

thqn to compute thq attraction cue to tha tooo;raplhic masses

and isostat.c cemoensation from ragular ractengilar prisms.

The idth and langth of each prism is simply the g-id spac-

in; of the particular dtv useo. For the ta3ographic effect,

the heignt of the orism is the height abova sea-lovel. For

the isostatic effect, the height is t- thickn.ss of the

Oroot", and the. density ccntrast between the crust and nan-

tle is used to compute the attraction.
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To ensure that T. is a harmonic function, T must be

the potential of a given fixed volume of 'aS. Thus, the

same volume of terrain data should be used for each computa-

tion. This colputation iceally should extend to sacM a dis-

tanca from the computation point thzt the terrain effects of

the distant tooogr.4phy remain constant for the local area

3f interest.

As an alternative to this pro:edure, one could use a

"residual terrain iodel", or the resioual !etueen a mean

elevation surface and the actual tocograohy. This mould

lead to significant computational savings, as stown by

(Forsber2 . Techerning 1181a). In this case, no isostatic

.omrensation needs to ti c lculaed and, in addition, the

computaticn can be carri.,d out t3 ; fixed distance from -ach

computatjon point.

Figure 2 snows a reorisentative su~ra prism of tago-

gr=phic cr isostatic 'ass. Let this rrism have constant

iens ity p ano ba attract.ng a point mass located at the

origin. Then the v4rtical component of the attraction of

the prism on the point mass is given by; (.Kello;, 1353)

G: t~ie universal gravitational const.=rtt
r = dista:nce to th~e attract)d po01nt,

20
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xvyvz a coordirstes of the differential eleftentp
P a density of the orLsM, anal
T = potential of the prism.

Integration of this formula gives; (Forsberg r Tschern-

Lng, 1t)t

re YL

ar1

For prisirs hicm ari furto.er amy froam tho ?ttractea

0oint Se ley apgroxllate the orlso :)y a horizontal mass

;)lane oassing througn the centgr of the prisis snd oerallal

to the tor and b3ttou of thQ crism. In xhis case, Ime

22



q!

attraction in th* vertical direction is given by;

f ,(19)

x-G .~ tO..r+ .T(~lj n *,\\*r ) II) (20)

=o e~z -Z)

1 2

z = (z z )/2
ml 1 _

2 Z 2 1/2
r (x 4 y * z )

To obtain tne copeInants 3f tb, attraction in the hor-

izontal ciractions, th.? coorctir-4te axes of flgurt 2 are

rotated about the oriLin. Trujq wo use the Sale formulas

)ut with the transformaticns;

t t

Cx Ix Oy IY ,z ,z ) Cz I : Ix ,X ,y ,y ) (21)

1 2 1 4 1 2 1 2 1 2 1 2

for tho north-south comon-7nt, and,

t t

(x Ox ,y ,y .z O z ) = y ,y ,Z 9.1x ,x ) (22)

1 2 1 2 1 Z 1 2 1 2 1 2
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for the east-west :ongonort.

Tmn th. attractions are given iy;

XY Y I'A(23)

%here g has boon avalipted 3Ccordjng to equation

For tne condensed form'ulas, into-.ration af eauation

XA

(24)

The Topo~rzp,xc cr isocstatic affect on tho ;e~ici uncu-

lation i s ob ta in by inz4;ration of z~uton (1E) with

24



respect to Z;

" Yr

or distant pris,st (Mac.llan# 1950) ',s davelooed simpler

expressions for the ;oterti31 And 1ts derivatives oy p

3pnerical harvonic expansion of the crism field. The

resulting harmonics zre si.,14 pa1ynwrin.as in x, y, and z.

The formula for the potanti.1 in a cclr:!i,te system sith

3rqin at tne center of t e cr i st, erc ? xe3 ,ar.?n dcu ar to

thi faces is;

(Z7)

+ Ax a -Ay a +2&e..l] + il aix

vhIrt , 4x A i c Az ere t.e sidelenthS of the ortis.
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An oven simolar ecroxim.ation can he isad for vary dis-

tant points. Theas can )* rcrsented as ooint missest in

shich case the potential Ii iven )y the first tarv of e,3ua-

tion (21).

it is only througrt.te use of ties. etprox iate formu-

las that the computation of -r.vimetric ouantities from

digital terrain models bec3mns arectical. Some preliminery

computations ,ere done usin2 only the exact formulas with

three digital terrain "odels hvir7 increasingly wider soac-

ing away from the COmput3tion soint. These mere the one

degree anc five minute m3tricei described earlier end an

additional three sicond vean elevation matrix. A total of

46,494 prisms must be 4vail-jted for )oth the .orographic and

isostatic comoonents wrsi usLng tho ime degree mean aelva-

tion matrix, the five n intte raer elevation natrLx ano a ton

ninute I2y tan minute re;z n o." the, second Preen )lvitions.

Th~s computation took -_apOroxim3tI,/ one hour :er point on

the VAX 11/730 c-3outer systm, in:Luiir') cpu time and 1/0

tile. The same compjt-tion took eocroxinate-y d mtnutes per

point when a cominatior of exact and acproximta fcrmulas

were used. The exact prism fcr,u1:Is were usve out to a dis-

tance of J a from te computatlifn pointp Ahgrq J is the

length of the vain oia;onal of tn, prism 'e)qng u;ed. Tn

4ac~illan formulas were then used out to stance o'f dC d

from the computation point. At cistamcs firthor then this*

the point mass fcrmj' uas aS.oo. Tnes, cot-off ,istancas
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move been determined by CF~rsbar;, 19i4) to ;iva a ;o~d

trade-off Ibetween time anc accujracy and 2ere varifiel luring

this axpeflUmflt. An exception t3 tnis is thiat the mass

alin* formoulas more always used for geoid undulaions.

Tn. topograohic and 13ostzitLC tffects wer# lirst :alcu-

lated for a sibset of the oceservatxons usinq a variety of

elevation data and tocnniioues to get a feel for tie trioa-

off$ in timeo and accur3CY InVOlVea. In aadition to the -13

ocints where doflections wore known* 5! roints wnere gravity

Nas been observed war* usC -is test roints. Tha one d*;rvo

"Gone five minuta e~qlg eno five second ont elevation

Tatrices were usad alone and in coibination jzith each other.

The toporapnc/isostptic comp.onirts sore then subtracted

from the free-air anomalies and knoa.n dietl.:tions. Tme

results *ill issentially ba the "esostati.c ar,3malies

C".iskanan w oritz, 19S7) in tie c~se if anoi'elies end

"toqora~ohic isost3tic c~efla;.ti.3ns" (w4eiskener . Mqiiosz) in

the case cf :oflqctions. Th-A reSult; ara -:rosantqd ;r~ tphle

-*Thq resultinj amomallas a~nd deflactions struld ti1e~rot2-

:ally b-? SmaIll. -nd 4h-vt low vsriznces. .)eLe cnthni

jsed to judgq the compI3rative affe:tiv-4ness of usin; venious

terrain date sets oy com~ering fie vaams onoi stsrgoerd ievja-

tions in tha.s taeolo.

Several interesting chsarvations cang ,,e cz from tIRIS

t a ae. The inclusion a! t~a five second c'ata 'marqinally

iiuprovad tme rasults in tt,.s c~-i Mao imcortant then 6ti~s
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Terrain Oata
Used 4 C -

Value

Cl) (1)

mean 5.73 -5.5; 5.33 0.20 -5.5 .  -0.85
high 24.2 -1.33 24.13 4.44 -0.58 4.09
low -7.z3 -12.S1 - .66 -S.39 -12.25 -7.62
o T.80 3.03 6.65 3.04 2.97 2.99

(2) (2)
mean -0. 14 -1.87 -l.30 -1.79 -1.57 -1.63
high 3.79 0.51 1.18 1.68 0.40 P.49
low -4.71 -4.56 -5.00 -4.16 -3.20 -4.76
a 2.05 1.20 1.18 1.20 1.01 1.20

(2) (2)
mean -3.e3 -0.07 3.11 -0.11 -0.11 -1.62
h2.;h 3.-3 4.33 4.97 4.34 4.33 2.20
lam-I .' -6°52 -7.16 -5.55 -6.52 -6.22
or 5.1c2 ?,41 3.7-3 3°48 3.51 2.639

Table 3. Observed-component from topographic/isostatic data.

Notes:

(I) .eased on n = 41, as 12 points fell outside tme innermost
terrain date grid.

(2) dased on n = 22, ?s I oont fall outside the innermost

terrain dete grid.

Terrain data grids used:

A - One degree mean elevition grid only.
3 - Five minute mean elevation grid only.
C - Five minute 1ue-n elevation grid .nd no

'icubic spline interpolation.
- One degree and fivq minute elevation grids.

E- Five minute mean and five second m4an alvation
grids.

F - One degrast five minute and five sacand gries.
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inner griz vas tho a.)22ity to construct 3 veryi dons*

"inner-inrir" ;rid by interrolation of tne ;ivan alevations

in a Vireo by thr@9 ;rid soacing rigion of the data coint.

This weas accomolsnrld by a biCuoic sclirie int arso1at ion o f

these elawations. This ifltorcol.,tion 1a3 used for ?11 cases

excopt for one case in ehicm only the f IVe ni nu teM n

alavations 4ors istd. Tne, ivorovement can be sevn by comn-

naring the results obtained ft~m elevation dat2 sets i and

XNote, tn'st the results are imor-evod for gravity anovalies

-ut not for deflactlonso parmacs rqtl*e.tir; that deflections

are lass affactol by the vory local !ooogrppny* Anothe~r

interesting observation is that, ejain for ano-nalies, the

i.J of the 3rea co;rea -iezn elevations helcs to bring the

mean r#SLCUal. very near to zara. TIHLs corhans Indicates the

Clesirbility of usin; sucl 2 broad and coarsely soaced irid

for tha outer zonss tc rimlov.) loc.P ;,3.isa5 incurrea from the

inner zone cati.

For tnose ca~c tt- ts t caosi.r-ble co-ntinaticms 3f
01levatIOn -dt a z:,a c-r t 3 e t me c n.av ce-,r a atjtA ;ri d vIt P

tnhe five m:nut .4~ ;rido using zm interpolation to clansify

th 4 f IV - Irj t a ;rid in the vicinity 31 the coviutatizn

aoint and this sae 'a ta set Witn aI 3ls t'la live SOCCnC

ivatlion data, 3r ca1ta sets 0 and F9 .iczrcir; to table 2.

To cirovida a wide variaty of C.eses f ar th 0 baZst

sQuares collocation ir~~a not.',r '.-rger sat of oLbserv3-

%ions were used as test points. Lsin; the ona :1a-;ree and
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at 500 points jithin the test region. Usin; this elevation

data together aitl th4 five secod p3in levatior grid,

anomalies were computed for a su~sat of 110 3f these goints.

-oth sots of test points aore c4oson to be gel! distributed

spatially and to have the samie elevation 1.stograi- as t~e

original 1CZ points. Thi averr3e sp-cIL; between thue

points was amout I arc m-nut4. :n acdition, the un.ulation

was compited at the six cocoler points wsing the secono

elevation data set. The locations of the tist points Ere

shown in figure 3.

The values computeo troa tha terrain date sere then

su!tractad from t4e free 9,r jravity anomalies and observed

indulations. The results air4 shown '.n tible 4.

Terr3oi -at? Us9 C

M 110

lie P 2-14.5Z
S'w -3... ',-: -3'. 4

'S. 7 17. j7
C" 5; ? 10.50

Table 4. Gravity anomaly residuals (observed-computed from topographic/isostatic data.

Te)rrp.n Cata

- - ~e dqvza~i~i'x n intI vean elevatio3n%.
F - 'he ,r , five inLte, .nd five second 1vlation

For geoid undulations, the one degree and five minute
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data sets CTer-ain :ata a o' taoL. 3) uar4 uid The

results were poor, wLt,, a miean irror of -4.03 imeters Mnd a

standard deviation of thue eIrror of around 0.3 "e~ters. A

aocsible explanavion is the* wind~rect effect" of the

topograpriic,1isostatic reduction. w4eiskanen and 4'oritz

(1967) state that this stf~ct can aneor the order of 1C

voters. It would be a rslativity simclq vatter to :hock on

this by computing the ;o .ontisl due to the tooo;rachy

seperately from that comYputed fro~m tie isostatic comoonsa-

ti~n. Oividin2 the differan:a batween thv Io by normal

Iravity will give the indirezt effect 3n geoid undulation.

This was not done in this study.

COMEPUTATON OF TME RESIDUAL COMPONENT

The residual coiicon-3nto '1e comnonent not m~odeled oy

jithar the glojal 3ertm "c~e r the tocora,)thY-LS3St8CY .aS

coiputid by least sjuar~s cc.1l3c~tion. Tne tooo;r7.hic-

Liostatic comoonents of gravity ancoialiest de&fcti~ns, and

*nulations were acjdac t.a tne :orrsconciir ;Icopl earth

iodel comoonents. Tha s- 3 uris wae te,3n sibtractad fr-im tne

3bsorved cata to give "rosiduel" casarvations. Tiise aere

used to C3MCUt4 rOsLCUal va16eS at Otner kcnown 00imtS Which

icre not used as ooservations. Tho ;:ridictea resiidu-ils iere

then compared with the knour' roslduals- The statistics of the

residual observations are given in table 5.
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TerraLn Oata

Value

n 500 110

YIfearn -4.74 -7.3i

14.85 9.13

2 .-25.07 -27.63

2 2. 0 S3 .71

n 23 23

"oaf, 3.21 3.47

5.36 5.89

1cl 0o37 0.57

a72 1.53 1.76

11 23 23

e zr -0.61

5. 23 3.14

2
11.7 7.03

M Ml -8.03 (not c mouted)

Table 5. Residual values (observed-(TI & EM)).
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The ;aal of radwcin; the observations oe'ora 4olying

collocation was to smooth out the iravity field, or reduce

the range of values and the variance of the gravity

anomalies. From- table 5, ae see that the variance of the

anomalies has been roducad from 470.96 to aetween 10 and C0

deoending on the elevation data used. Comoarison jitt% table

I shows that the variance of all of the iuantitias has .,een

reduced. Another desirable attriaute of a "smcotb gravity

field is that the mean values of the ouantities

;t ' E p and N oe near to zaro. Thq mean of the unr4-

duced anomalies eas -14.o0 mals while that of the reduced

values is -4.74 -gal for the best case. The means of the

deflection components are also brougnt nearer to zero by the

reduction and so is trat of th indulations.

These residual observations were than used to form the

3bservation e4u,3tions fcr asst s-u ts collocatior. The

)asIC form of an ooservation ezuaton jitmaut oaraleters is,

(Mor.tzo 1372);

wmere;

x =a vector of oisarvattions, in tMLs

case, residual ;ravity anomaliest

deflections, and "9e-3s ,nCulations

s = tVe unknown "si ;nal" oortion of the
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OO5,i t.L f ,5rid

n a a randoms "noise" coiconont.

The quantities s ana n ara 3s3Ured to be uncorrelated,

zero-mean quantities eit'i Gaussian distributions. To

oradict ttio signal, -S9 at otmar irknown points, the 19zst

squares collccation formula for ttha .vinimut variance esti-

,ate is;

S = C C x (29)

Sh *S

C cov(sPs), t,' i33trix of covariances
s betveen ta quantity being estimated

rn.1 the .bservationst ard

. = (cov(sts) + :ovCn,n)), th* sum of the
maI trix of scvariances among and betseon
-h.? 133aerv-tions and t a coverianc
- trilx cf the noist vector.

Since te qwantities ,we ,.is4 t estji ,at e linear

functionals of the anomalous ;otential T, it suffices to

determine an expression for th s.Atial covaria.nce of T and

then to acply the law of rrooo;.tion of covariances CA'oritz,

1972) to this expression to obtain tNe covariance$ betigen

all of the observations end predictions. Let KCPC) be toe

covariance between T at point 0 and T at point Q. Now lot a
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and b be the two quiIrtitias dari.vec from T ')y linear avar3-

tions suctt as differntiation or *ultPllc~tion by i ccn-

stint. It we wish t* symbolize tties. oparations by W() and

S(T)9 then the covarianco otuleen ap and b is given ty

CCa ,b )scov(a go ) (((P ) ( 30)

The least squares callocrtion program -3f (Tschouning,

1974) was used. This program allows th3 spacification of

one of ti~re. isotropic CazimfutI, indeoendent) covariance

functions which ara all based an an* of ths anomaly degre

nodels developed by CTscherniu; E Raoog 1974). Tlva Ode're

variances* of the ;ravity anomalies ara given by (4leislcannon

and Moritzt 1957);

n " n -w

a Ot gully norrraliz~d sphorical
nm MM r-ionic ccaffiziqonts of the

g~vityi'O.3li as.

Wa can then write an axor'ssi~n for t)'e covarlance

36



t%.nct.ion ot" tta gravity aromales,. as;

2
R n 2

C(P,") = covC 4 g ,4 ) = C P Ccos4)C---) C3Z)
C nO n n

where;

P = the "egendre polynomial of degree n,
= the spherical distance botsean P and Q,

R z radius of the 3jarnammer sphere,
r = distance from P to tne origint andp
r" = distance from Q to the origin.

The degree variarces of the ano-salous potential are

related to those of the ;ravi.y anomAlies !y;

k c (33)

n (n-1) 2  n

wJhere;

= tne rmean gerth 'dius.

we can arita an expression for the covariance of the

anomalous potentia. as;

K(P,.) E , ) Z P (cos 4 ) C!.)

h=O

The vodel used for the anoialy dogree verisinces vas;
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C (35)
I (1-2)( 1 e)

.t~ero the constants A and 3 are determined frem
t1he variance of the observed grovity anomalias.

The method of collocatian also gives an estimate of the

-wean square error of precuiction as:

2t -
IN C - C C C C36)

3 Is 3 S

'uhar*; C =cov(i is )I the point variance

of the cuantity astimuetede

In this case, homavar, -ate knew exactly the error of tb*

astimato since ma .4re PreoLcting at knr3van !)Oints.

Several Cases, ir'volvir, Jif-forint su,s*,Ts of observa-

tions ano praciictions, more run. 'he *bserva3tion ooints

"ere solocted to ?,ava 3n everaje SOSCi; Cf 
3Cnr~xitwatly 5

arc minutes. The pate usttI ir the vabrious eases of celloca-
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Cases ,Data

I Jnreduced.

II- Reduced dith topographic
late sot C and Rapp 180.

III Reduced jith Tocogr.ahic
data st F and Rapo 180.

SVV Sa,%e as III

VI qeduced only with topograrsic
3ata sat F.

Table 6. Identification of collocation cases.

The results of collocation art shown in table 7. We

can see that the results for 7ravity anomalies are signifi-

cantly improved iy uiin; the obsarvations reduced with so-e

tonographic data. Tna use of tha spherical nermonic coeffi-

cierts does not affect the results for ;ravity anomalies.

Tnc best level of accuracy obtainad in this toest was 3 mil-

1Lials (ore sigma). This result was obtained !)y usir7 300

;ravity anomaly coservations, sozced about 5 mlnutes apart.

Th, inclusion of af.lection or unculition observations does

not appear to afict the results for iravity anoRalies.

' eanwhal., by intreesing the num~er of ancialy observatiens

.3y a factor of 3, 'e gain about one willi; in accuracy.

For deflectionst the best accuracies, ,;ain in terms of

standard ceviation of the errors, fort c.-nd q ore. C.-Iq cre_
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observations (observation - pradicted)

Case n max mean std. dev.

I Ag 100 400 30.25 -1.21 6.83
3 20 2.,9 -3.62 1.11

17 3 20 -3.13 -0.51 1.22

N 0 6 -27.35 -25.00 0.50

II Ag 100 430 -16.37 -0.14 4.15
3 20 -3.S6 -0.12 1.34

17 3 20 5.21 3.25 1.S4
N 0 6 -3.25 -3.00 0.50

III A 103 400 -16.37 -0.14 4.15
3 20 -3.44 0.12 1.36

?1 3 20 2.68 0.65 1.13

IV Ag 300 200 -12.52 0.26 3.03
3 20 -3.81 0.16 1.39
3 20 1.97 3.12 0.97

V Ag 300 0
1 a 2.t 7  1.18 0.132
13 -2.01 -0.08 C.94

Ag 3C 20 -12.51 0.23 3-C3
3 20 - .1 -. 1 0.73

20 -1.49 0.09 0.82

Table 7. Collocation results..
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graphic and isostatic reductions, neg1ecting tha R3 3 160

components. The maximum and mean errors for the north-so.uth

component are sli-ghtly greator hosewar, than %nen the qpp

180 coefficients are usad. Tno bonefit of using the five

second Inner grid data is likewzse to 4ring the iean irrors

closer to zero, the standard deviation remaining the same.

The case of undulations is even naraer to aralyze,

7iven only six observations. From this test, we would con-

clude that the best way tc estimate those is strictly from

the spherical harmonic coefficiants. The effects of reduc-

ing the observations and ZPPlyi3n collocation degraded the

results obtained only with the soharLcal harmonics.
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CONCLUSIONS AND RECOMMENDATIONS

A tachnicue for computing a local gravity field motel

in mountainous tirrain has b4en testad. The results indi-

cate that gravity anom.lies can !)e credicted witm on accu-

racy of 3 millijols, aeflections of the vertical with an

accuracy of about 1 arc second and geoid undulations with an

accuracy of about 1.3 me49ers.

For Sravity anomalies, loest squares collocation fol-

lowing trend ramav3l by topograpnic/isostatic data and

spherical harronic coefficients 7ave the best results. For

daflections, tth0 inclusion of the spherical harmonic com-

nonent heloed reduce e bias in the 4rrors. For undulationst

the best resu1ts were attaire; directly from the soh-rical

narmonic coefficients, nels:tin3 any tocogrephic data or

least sauares collocation.

TM. bast combhnalicn of terrain oata acoears to be a

Videly 3racad Ceoout 1 degree) outer grit extandinc to Pt

least 10 adgrees arouno t test r~ints 8.c zt least c4

cosrser inner grid (aoout 5 minutes) extendin3 to aout 5

degrees from the computation coint. The results are si;nl-

ficantly ennancec oy ,nterpilatinj Inis inner Irid to an

even finer grid in the vary near vicinity of the comlutation

ocint. Wnen this tyoe of interpolation is cona. it may 1,e

unnecessary to include 6 Y.ry fine grid of elevetions as a

third "inner-inner" zone.
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There exist very efficient :oruputer pro;rams for per-

forming all of the calculations described rnere;n. Given a

medium sized minicomputer, all of the calculations can be

carried out in a fei hours. The tocogripnic/isostatic com-

putation is the most time-consuming aut, usin; aorrcximate

formulas, these can be done in a reasonell= ti-e.

For adjusting triangulation networks, or reducing hor-

izontal and vertical angles to the ellipsoids the accuracy

3f the vertical deflections obtained herein is sufficient

for even first order w3rk. If the elevation is 7 de;reast

an error in deflection of the vertical of 2 arc seconds will

result In an error of 0.25 seconds in Morizcntal anglest

iihich is boe the oosarvation error o iost an;la3.

In mountainous areas, conversion of sateliite-e;rivad

neights to hei; hts Above sea level reuiires tnG ;-oid undu-

lation. This stidy indicates that these can be computad to

an accuracy of about 1 meter, which is consistent with pest

results. This will propogate directly into a I vieter error

in sea-level heights, naturally. In the - bsenc3 of other

information, this may be an ac:eot:ble error for somi aork.

The accuracy of the ;ravity anomalias, 3 "illigals,

Means that they coula i)e usec ,for instance, to comoute

deflections of the vertical ?rno Gvoid undulations through

Vening loinesz' .nd Stokes' .nte;rals respectively. The

oredicted anomalies coula also be useful in geoolystcal
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systom3,t t'. Fccuracies w~tazmed for dof1actian~s and

anomalies could isg useful in c~rtain acvlicati.ons. T#-is

aria must be evclored further nowever.
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